Let p be a prime and q = p g . We show that the Grothendieck ring of finitely generated Fq[SL2(Fq)]-modules is naturally isomorphic to the quotient of the polynomial algebra
Introduction
In [5] , J-P. Serre discovered a puzzling identity involving characteristic p symmetric powers representations of the group GL 2 (F q ), viewed as elements of the Grothendieck ring K 0 (GL 2 (F q )) of finitely generated F q [GL 2 (F q )]-modules.
More precisely, fix a rational prime p, a positive integer g, and set q = p g . Denote by F q a field with q elements and by G the group SL 2 (F q ) ⊂ GL 2 (F q ). For any non-negative integer k, denote by M k the (k + 1)-dimensional representation Sym k F 2 q of G. Motivated by the computation of the Euler-Poincaré characteristic of the twisted sheaf O (k) on P 1 Fq , in [5] Serre extended the definition of the modules M k 's for negative values of k, and showed that for any integer k the following relation holds in the ring K 0 (G):
The dimensional shiftings by q+1 and q−1 occurring in Serre's relation can be obtained by applying opportune intertwining operators Θ q and D to the symmetric powers modules. This has been exploited in [3] for the study of cohomological weight shiftings for elliptic modular forms modulo p.
Motivated by generalizations of the above considerations to Hilbert modular forms, families of generalized Θ q and D operators are defined in [4] , and the following identity in K 0 (G) is proved for any integers k, h and i:
Here the superscript [i] denote the ith Frobenius twisting on the corresponding virtual representation. Using Glover's product identity, one sees that (Φ) is equivalent to (Σ) in case g = 1, but it is stronger for g > 1.
In this paper we apply formula (Φ) to determine an explicit presentation of the Grothendieck ring K 0 (G). We treat the case of G = SL 2 (F q ) instead of GL 2 (F q ), so we will not need to consider determinant twists that would make the set of relations more complicated; following the same methods we describe below, one could easily work with GL 2 (F q ) instead.
Our main result is the following (cf. Theorem 3.6):
Theorem 1.1 Denote by X the standard representation of G on F 2 q and let x be an indeterminate over Z. The assignment X −→ x induces an isomorphism of rings:
,
having degree p g obtained by g-fold composition of the monic degree p polynomial:
Proposition 3.9 gives an explicit closed formula for
, the structure of the generic and special fibers of the ring K 0 (G) ⊗ Z Z p are easily determined (Corollary 3.7). On the other side, the arithmetic properties of the polynomial f(x) over Q seem to be more complicated.
In the last paragraph of the paper we prove the following fact (Proposition 4.1): assume G is a simply connected, semisimple algebraic group defined and split over F q . If M is an F q [G]-rational module of finite F q -dimension, then the multiplicity of an irreducible F q [G]-rational module V as a Jordan-Hölder constituent of M [i] is congruent modulo p to the multiplicity of V as a Jordan-Hölder constituent of M ⊗p i , for any positive integer i. Motivated by this result, we are led to conjecture that the Grothendieck ring of a Chevalley group arising from a rank ℓ algebraic group G as above is isomorphic to the algebra
where for any i, f
for any value of i. Some of the evidence for this conjecture is presented at the end of paragraph 4.
Conventions All the group representations in this paper are left representations on a module of finite length over a fixed ring. If R is an algebra over a ring A, and S is a subset of R, the symbol A[S] denotes the A-subalgebra of R generated by S.
Weight shiftings identities in
Fix a rational prime p, a positive integer g, and set q = p g . Denote by F q a finite field with q elements and fix an algebraic closure F q of F q ; let σ ∈ Gal (F q /F p ) be the arithmetic absolute Frobenius element. Denote by G the group SL 2 (F q ).
For any i ∈ Z, the Frobenius power σ i induces a function G −→ G obtained by applying σ i to each entry of the matrices in G: composing this map with the action of G on a given 
. Let X denote the standard representation of G on F 2 q and, for any positive integer k, define
to be the kth symmetric power of X, so that in particular
Observe that we can identify M k with the F q -vector space of homogeneous degree k polynomials over F q in two variables X and Y , endowed with the action of G induced by:
As a consequence of Steinberg's restriction and tensor product theorems ([6]) we have:
Proposition 2.1 All and only the irreducible representations of G over F q are of the form:
and the tensor products are over F q . Furthermore, the above representations are pairwise non-isomorphic.
Denote by K 0 (G) the Grothendieck group of finitely generated F q [G]-modules. K 0 (G) is isomorphic to the free abelian group generated by the isomorphism classes of irreducible representations of G over F q , so that it has rank q over Z. If M is an F q [G]-module, we will denote by the same symbol M its class in K 0 (G), if no confusion arises.
Tensor product over F q induces on K 0 (G) a structure of commutative ring with identity; we denote the product in K 0 (G) by · or by simple juxtaposition. All the tensor products we will consider in the sequel are over F q , unless otherwise specified.
We can extend the definition of the virtual representation M k for k < 0 in a way that is coherent with Brauer character computations. In [5] , the determination the Euler-Poincaré characteristic of the twisted sheaf O (k) on P 
The following result summarizes some non-trivial identities that hold in the ring K 0 (G): Theorem 2.3 Let k and h be any integers. The following identities hold in K 0 (G):
Proof Formulae (∆ g ) and (Σ g ) are proved in [5] via a Brauer characters computation. Formula (Π g ) comes from an exact sequence of G-modules constructed in [1] . Formula (Φ g ) is proved in section 3 of [4] .
We remark that formula (Φ g ) appeared in [4] also in the form:
where k, h and i are any integers.
The product formula (Π 1 ) implies that (Φ 1 ) and (Σ 1 ) are equivalent. If g > 1, (Φ g ) cannot be deduced from (Σ g ) and (Π g ): the proof of this fact, contained in [4] , is indirect and throughout the paper the knowledge of Serre's relation (Σ g ) will allow sometimes to bypass long computations involving Frobenius twists, when g > 1.
In [4] it is also proved that for g ≥ 1, we can use the relations (∆ g ), (Φ g ), (Π g ) to explicitly compute the Jordan-Hölder factors of any virtual representations of the form
We keep the notation introduced in the previous paragraph.
Proof By Proposition 2.1, K 0 (G) is freely generated as a Z-module by the q elements
Applying (Π g ) we obtain the recursive relations:
so that M k ∈ Z[X] for all k ≥ 0. Twisting (1) by powers of Frobenius, we obtain:
] for all k ≥ 0 and:
1 − M −p , and applying (∆ g ) we obtain
We also obtain that, for any 0 ≤ i ≤ g − 1, we have:
and we conclude X [1] , ...,
Let x be an indeterminate over Z and define the following two families of polynomials of
Observe that for any non-negative integer n, m n (x) is a monic polynomial of degree n, so that for any non-negative integer i, f
[i] (x) is a monic polynomial of degree p i .
Lemma 3.2 For any non-negative integer
Proof Notice first that, by definition of m n (x) and by formula (1), one has:
in K 0 (G) (n ≥ 0). To prove the lemma, we use induction on i. If i = 0, the statement is clear; if i = 1 it follows from formulae (3) and (2). Assume i ≥ 1 fixed and suppose
. We have:
Observe that Frobenius twists do not act on the coefficients of virtual representations in K 0 (G), so that the last term above is equal to m p (X)
. By formula (3), the latter is M
Proposition 3.3 There is an isomorphism of rings:
Z[x] f [g] (x) − x Z[x] ≃ K 0 (G) ,
induced by mapping the indeterminate x of the polynomial ring Z[x] into the class of the representation X of G.
Proof By Proposition 3.1, the ring homomorphism
, and since by the above lemma we have f [g] (X) = X [g] , the above assignment induces an epimorphism
Since f [g] (x) − x is a polynomial of degree p g and since K 0 (G) is Z-free of rank p g , after tensoring with Q the map π defines an isomorphism of Q-vector spaces. This implies that ker π is a finitely generated torsion Z-submodule of
, and hence it is trivial since f
[g] (x) − x is monic. We conclude that π is an isomorphism of rings.
We are now left with determining an explicit formula for the polynomial
Lemma 3.4 For any non-negative integer n we have:
m n (x) = ⌊n/2⌋ j=0 (−1) j n − j j x n−2j .
(Where, for any integer h, ⌊h⌋ denotes the largest integer not greater than h).
Proof We use induction on n ≥ 0; denote by m ′ n (x) the right hand side of the above formula. We have m
If n > 2 we have by induction:
If n > 2 is even, ⌊(n − 1)/2⌋ = ⌊(n − 2)/2⌋ = (n/2) − 1 and:
Corollary 3.5 Let n ≥ 2 be an integer. Then:
Proof This is a computation using the previous lemma. We distinguish two cases: if n ≥ 2 is even we have:
If n ≥ 3 is odd we have:
We have proved:
Theorem 3.6 Let g be a positive integer, p a prime, q = p g and set G = SL 2 (F q ). Denote by X the standard representation of G on F 2 q and let x be an indeterminate over Z. The assignment X −→ x induces an isomorphism of rings:
having degree p g that is obtained by composing g-times wit itself the monic degree p polynomial:
At the time of writing of this paper, we do not know much about the properties of the polynomial f
[g] (x)−x when viewed over Z. Notice that if p > 2, f [1] (x)−x is an odd polynomial; using the easy to check facts that for any integer n ≥ 0 we have m n (2) = n + 1, and that:
one deduce that f [1] (x) − x always admits 0, ±1, ±2 as roots, as long as p > 3 (roots 0 and ±2 also occur for p = 3). Furthermore, from computer elaborations, f [1] (x) − x seems to have only real roots.
In general, it is natural to ask what we can say about the irreducible factors over Q of f
[g] (x) − x. We do not have an answer for this. Nevertheless, after tensoring K 0 (G) with Z p , we can prove:
. Then:
(Here we denoted by
Proof By the explicit formula given above for f(x), we see that
and statement (a) follows. Part (b) follows from (a) and Hensel's lemma.
Remark 3.8
We also have isomorphisms of algebras:
It is interesting to notice that we can give an explicit formula also for f [g] (x). As the following proposition uses Serre's relation (Σ g ), it seems that an explicit formula for f
[i] (x) when i = 1, g would probably require more work.
, so that:
Proof Letπ : Z[x] → K 0 (G) be the epimorphism of rings obtained by sending x to X.
. Since m q (x) − m q−2 (x) − x and f [g] (x) − x are both monic of degree q, the last relation implies that they have to be equal and f
[g] (x) = m q (x) − m q−2 (x). The proposition now follows from Corollary 3.5.
where the last equality follows from (2) . Therefore w · λ∈X c λ · e(λ) = λ∈X c λ · e(λ) in Z[X] for all w ∈ W and ch(M (G(F q ) ) the Grothendieck ring of finitely generated
having degree p such that:
where for any i,
The idea behind the above statement is that if π is an isomorphism of
, and if we set
should be the Frobenius twist X [1] i . This means that the relations imposed above in the algebra Z[x 1 , ..., x ℓ ] are the obvious ones that translate into X
[g] i = X i for all i. Here is some evidence for the conjecture:
(a) As proved in the previous paragraph, the conjecture is true for G = SL 2 over F q (ℓ = 1), in which case we can also give an explicit formula for the polynomial f(x) = f 1 (x 1 ) (Theorem 3.6).
(b) A theorem of Steinberg ([6] ) states that if G is a simply connected semisimple algebraic group over F q , the number of semisimple conjugacy classes of G(F q ) is equal to q ℓ , where ℓ is the rank of G. Therefore K 0 (G(F q )) ≃ Z q ℓ as Z-modules, which follows from the conjecture. (d) Assume we are given a surjective homomorphism of F q -algebras:
Proposition 4.1 implies that γ(x i ) q = γ(x i ) for any integer i, 1 ≤ i ≤ ℓ; in particular the kernel of γ contains the ideal generated by the polynomials x If Conjecture 4.2 is correct, one would like to determine explicit formulae for the polynomials f 1 (x 1 ), ..., f ℓ (x ℓ ) and to relate factorization properties of these polynomials in Z[x i ] to algebraic properties of the group G(F q ).
